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INTRODUCTION 
The utilizationl of our rivers by populationa l and industria l 
activities has increased dramatically in recent years. Since the 
number of rivers available has remained constant, a need has been 
created to optimize the utilization. In order to optimize, the 
effects on the physical properties of the river caused by changes in 
uti lization must be determined. 
Quantity, the amount of water flowing in the river, a l ong with 
quality, the value of the water for further utilization, are physica l 
properties of the river. Variations in these two properties measure 
the effects caused by changes in the utilization. 
The utilization within a basin can be related to the physica l 
properties_of the river through a mathematical model. Modeling a 
basin provides a means for extrapolating of current physical and 
economic conditions �o predict the effects of changes in utilization 
on the physical properties �f the river. 
A riv�r basin is comp lex. For it to be modeled, a set of 
factors must be determined which describe the physical properties of 
the river and the economic utilization of the river within the basin. 
If the model is to be simple enough to be practica l, the set of 
descriptive factors used will not be complete but will represent the 
dominant physical properties and economic utilizations. 
1River utilization is used here in a broad sense. It could 
mean use as a water suppl y� a medium for waste disposal, a source 
of recreation, etc. 
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The following is a list of descriptive factors which can be used 
to represent the economic utilization within the basin. A change in 
the utilization of the river will be indicated by a change in any of 
these factors. 
1. Population level 
2. Per capita water consumption 
3. Per capita wastes2 
4 .  Industrial productjvity 
5. Industrial waste2 population equivalent 
6. Per product water consumption 
7. Percentage pollutants removed from wastes2 by 
industries and communities 
Volume of water per unit time is the only descriptive factor 
necessary t� represent river water quantity. However, two descrip­
tive factors are needed to represent river water quality. They are 
normally expressed as µnits per unit volume. 
1. Dissolved oxygen co�tent (the measure of the effects of 
pollutants �hat are not in·themselves degrading to 
quality but react or cause a reaction that results in 
degrading quality). 
2. Content of pollutants whose presence is degrading to 
quality•. 
2There are several types of pollutants in wastes. These 
pollutants fall into two groups, those whose presence is degrading 
to quality in itself and those who react or cause a reaction with 
results degrading to quality. Each type and its effects on quality 
will be discussed later . 
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The quantity and quality of river water are influenced by both 
the economic utilization and the geographic features of the basin. 
Among the river and basin geographic description factors which exert 
a significant effect on the quality and quantity of river water are: 
1. Quantity 
a. Basin drainage area 
b. Basin rainfall history 
c. Basin aquifer composition 
2. Quality 
a. Flow ve-locity 
b. Stream depth 
c. Stream width 
d. Streambed slope 
e .. Stream bottom roughness 
Values for economic and geographic descriptive factors are 
difficult to determine because of the variation of the values within 
the basin. _This problem can be minimized by dividing the river into 
reaches such that the values of the descriptive factors which affect 
quality and quantit'y are assumed to remain nearly constant within 
a given reach. A reach-orientated model operates serially on the 
reaches of the river basin starting at the head waters or some other 
convenient point where initial values for quantities and quality can 
be input . The geographic and economic· descriptive factors ar� then 
inputed for each reach and the quality and quantity adjustments are 
made. The values of quantity and quality after the adjustments are 
the outputs of the reach and used as initial values for the next 
reach. 
Reach orientation gives the model maximum flexibility. The 
flexibility results because the geographic and economic descriptive 
factors for each reach are independent of the other reaches. 
Therefore, if the descriptive factors for a reach are not adequate, 
correction can be made without any change to the basic model. This 
also implies that the model can be applied to other basins without 
any changes other than input. 
In general, la�ge amounts of data must be collected to obtain 
quantitative values for the descriptive factors. However, the 
optimum use of the model implies a minimum of data collection. 
There are three simplifications to reduce the problem of data 
collection: 
1. Assume uniform values for the factors. These values 
can be obtained from limited data taken in one reach. 
2. Generalize the val�es based on existing data.collected 
in other s_imilar bas ins. 
3. Arrange the factors into composite groups for which 
at least one of the two above simplifications can be 
applied. 
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Unless a complete set of desc�iptive factors is used, verifi­
cation of the quantity and quality of ·river water given by th� model 
is necessary. The verification is accomplished by comparing the 
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values given by the model with actual measurements. Close agreement 
normally indicates that the set of factors is representative of the 
economic and geographic conditions and that the model is satisfactory. 
Nonagreement might mean that the set of representative descrip­
tive factors is incomplete or that the simplifications used in 
determining their values are invalid. It could also mean that a 
relationship involving the de·scriptive factors is not correct. In 
this case, the relationship may not be correctable because of the 
lack of knowledge about the physical phenomena. Seepage and self­
purification are two examples of natural occurrences in a river which 
are known to exist but are not easily expressed as mathematical 
functions of descriptive factors. Seepage is known to be a function 
of a number of factors including rainfall. Rainfall is a probabilistic 
variable. _Therefore seepage wil 1 vary, not only with location, but 
in a random manner with time. Stream self-purification has been 
expressed mathematica.lly as a function of the physical descriptive 
factors by several investig9tors. Unfortunately, the ·. various 
equations do not agree in the factors used or the resulting values. 
The choice of one of these equations for uses in the model is 
dependent on the available data for determining descriptive factors. 
If it is found that the chosen· expression does not yield good results 
in the model, the choice of anothe� may be prevented by the lack of 
the data necessary to determine values for the factors used in the 
new equation. 
Several models of river basins have been developed by others . 
As the approaches were quite divergent, the discussion of their 
attributes will include only the following points where applicable. 
1. The economic utilization and physical property 
factors used in the model to describe the basin. 
2. The methods used to simpl�fy the economic utilization 
and physical property factors . 
3 .  The unique definitions used by the model in the 
simulation of the river basin . 
Goodman and Dobbins (1) have prepared an abstract model for 
water pollution control studies. The model was built to use a 
complete, instead of representative, set of factors to describe 
the economic utilization within a basin. Although they attempted 
6 
to use realistic values for the factors, the basin modeled was 
hypothetical. They concluded that it is feasible to construct a 
model to describe the physical and _economic interrelationships of a 
river basin and with the model it. is possible to obtain meaningful 
results for water supply, sewage_ treatment and water based recreation 
studies . 
Worley (2) has utilized the systems analysis method to model. a 
basin for water quality management by flow augmentation. In his 
model economic utilization and quality are represented by the 
descriptive factors, organic oxygen demanding waste content and 
dissolved oxygen content respectively. To determine values for the 
geographic descriptive factors which affect quality, Worley formed 
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a composite group of the factors called the stream reaerification 
coefficient. He defined the coefficient either as a function of 
stream bedslope and stream depth or as a function of stream velocity 
and stream depth. His reaches were then defined such that the 
reaerification coefficients are constant within them. 
Worley applied the model to the Willamette River Basin in 
northwestern Oregon. Reapplying his model to other basins cannot be 
done easily since the model was developed around the existence of 
specific data . The Willamette River Basin, unlike most river basins, 
is �overed by a relatively complete network of U. S. Geological 
Survey gauging stations. The data from these stations was used to 
obtain values for the reaerification coefficient . 
A general method has been formulated by Ried (3) for approxi­
mating dil�tion water requirements as a means for water quality 
control in a river. The basic assumption of his method is that the 
quantity can be envisioned as zero at the river's source and increases 
uniformly t? full value at its mouth, with wastes which affect quality 
being added continuously at a constant rate throughout its length. 
This is not realistic because populational and industrial groups 
actually occur within a basin in widely spaced concentrations and 
because the rates that the economic groups add wastes are a function 
of their size and type. 
The method devised by Ried is not entirely without merit: If, 
instead of the whole basin, ·a reach of river is considered in a 
similar manner, then a reach-�rientated model can be constructed. 
Each reach can then be adjusted for the changes in quantity and 
quality at rates which are calculated from the d�scriptive economic 
factors in that reach . 
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A reach-orientated model of a river basin was developed at the 
University of Missouri for use in the Blackwater River Basin in 
central Missouri. The model is a result of OWRI Allotment A-003-Mo 
"Systems Approach to River Basin Development." Work on the model 
was done by an interdisciplinary team. The model has been described 
by Covert (4), (5) who was a member of the team. 
The basic building block of the Missouri model is the reach. 
However, the definition of the reach used by the Missouri inter­
disciplinary team is different from the one used by Worley or 
proposed by Ried. The Missouri group defined the reach as being a 
stretch of the river in which variations in quantity and quality o� 
water are caused by a single change in the economic utilization in 
that section. Thus, an economic center composed of two types of 
industry an� one population group �long one mile of river front 
would be broken into three one-third mile reaches . Each reach would 
consider the effects of the utilization of one of the types of 
industry _or the population group. The final quantity and quality 
compared to the initial quantity and quality of each of the three 
reaches would represent the effecta of the type of economic 
utilization being considered in that reach. In the above example, 
the intermediate points within the three-reach group have no 
physical meaning. The output of the final reach is what would be 
compared to actual data when checking the model. -
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Another assumption of the Missouri model is the lump adjustment 
of quantity and quality within a reach. The amount of the lump 
change is computed from the reach descriptive factors ! This 
assumption was made in order to simplify the interrelationships 
making up the model. If a uniform rate of change had been assumed, 
an integration would be required; and therefore, the mathematics of 
the model would be highly complicated. Unfortunately, the uniform 
rate of change assumption is probably closer to reality. However, 
it was felt by the Missouri team that by making the reaches short, 
along with making the lump quality and quantity adjustments for the 
economic utilization in the middle of the reach, values at the end 
of each reach would be sufficiently accurate. It can again be 
pointed out that the intermediate points of a reach have no physical 
meaning. This creates difficulties because critical points in water 
quality coultl occur at points within a reach and not show up in the 
output. 
A criterion for a new and extended model has been set up as a 
result of· the evaluation of the preceding rr�dels. The development 
of- such a model is the object of this research. A model built from 
the criteria will: 
1. Use a set of representative des�riptive factors. 
2. Work on the basin by considering it as a series of 
reaches. 
3. Use the three data collection simplifications in 
determining values for the descriptive factors in 
the reaches. 
4. Make quantity and quality adjustments in the 
reaches in a distributed manner. 
5 .  Be applied to a portion of a real river basin to 
demonstrate its practicality and workability. 
10 
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THEORETICAL DERIVATIONS AND MODEL DEVELOPMENT 
The equations that express water quality as a function of 
pollutants are the bases for the mathematical model of a river basin. 
To-establish these equations it is first necessary to examine the 
types of pollutants. 
There are five types of ,pollutants in �opulational and industrial 
wastes. They are: 
1. Infectious agents (bacteria, viruses, parasites, etc. ). 
2� Persistant chemicals, mineral and radioactive substances. 
3. Organic· oxygen-demanding substances. 
4. Plant nutrients. 
5. Heat. 
These will be discussed in order. 
Infectious agents are degrading to quality in themselves, but 
they can be, and usu�lly are, removed to a high degree. They are 
therefore neglected in the model. 
Pers�stant chemicals, minerals and radioactive substances are 
in themselves degrading to quality. They cannot be changed or 
recombined by nature and as a result accumulate. Their accumulation 
eventually results in critical quality conditions. This condition 
usually occurs after organic pollutants have caused the river to be 
considered polluted. For this reason they are neglected in �he model. 
Organic oxygen-demand�ng substances do not in themselves degrade 
quality. They react through biochemical processes with oxygen. The 
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result of the reactions is a depression of the dissolved oxygen (DO) 
content of the river water. There are two sub-categories of organic 
oxygen-demanding substances. The first is those which do not settle 
to the bottom of the river. They remain suspended and are carried 
with the flow. The second group settles to the bottom to form a 
sludge benthal deposit. Both groups can become severe oxygen 
depressants. The measure of the potential of organic wastes to 
remove oxygen from river water is its biological oxygen demand, BOD. 3 · 
The BOD of the suspended and settleable wastes are assumed to be the 
major factors affecting the DO content in the river. 
Plant nutrients such as nitrogen and phosphorous that originate 
in domestic sewage, some industrial wastes, and agricultural land 
runoff can be a problem because ordinary treatment removes only a 
fraction of these elements leaving literally a liquid fertilizer to 
be discharged into the river. The nutrients do not in themselves 
degrade quality or depress DO content. They effect quality by stimu­
lating algae growth. The algae die and become a secondary supply of -
organic oxygen-demanding. substances. The secondary oxygen demand 
will be considered neglectable in the model although it is realized 
that in some cases it can become significant. Therefore, th� pro� 
posed model will be limited to situations where the plant nutrient 
content in wastes is low. 
3BOD is commonly determined in a 5-day test conducted at 
200c and is referred to as 5-day 20°C BOD. BOD in this paper will 
mean 5-day BOD at 20°c. See page 67 (7). 
The presence of heat does not in itself degrade quality, but 
it accelerates the biological reactions associated with organic 
pollutants and plant nutrients. The result of the biological 
reactions is a decrease in DO content of the river water. Another 
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effect of the presence of heat is a decrease in the oxygen saturation 
level of the water. A high oxygen demand in water with a low oxygen 
concentration can yield critical quality conditions. 
Dissolved oxygen deficit, DOD, of river water is the difference 
between the oxygen saturation level and the DO content. Streeter 
and Phelps (8) proposed and solved differential equations describing 
the DOD as a function of the oxidation potential of organic wastes, 
the rate at which oxygen can diffuse into river water, and time. 
The following are the assumptions they made in the establishment of 
their classical equations: 
1. The flow of water in the river is constant. 
2. Organic oxygen-demanding substances are adde.d at a point. 
3. The rate at which the BOD of the settleabl� organic 
substances reacts with the DO in the river water is 
neglectable. 
4. The rate at which the BOD of the suspended organic 
substances reacts with the DO in the river water is 
proportional to the BOD of the remaining organic 
substances. 
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5. The rate at which the DOD changes with time is e qual to 
the rate at which the BOD of the suspended organic 
substances is exerted minus the rate at which oxygen 
can diffuse into the river water from the surface. 
The rate at which oxygen can diffuse into river water 
or reaerate is proportion�l to the DOD. 
Assumption 4) expressed in mathematical differential form is, 
dB ( t) = _ HB ( t) 
dt 
where B is the. BOD in ppm, 
H is the rate of BOD exertion factor, and 
t is time in days. 
the solution to equation 1) is, 
1) 
-Ht 
B(t) � Bae 2) 
where Ba is the initial BOD in ppm. 
The amount of wastes ·oxidized, y(t), is given by, 
y(t) � Ba - B(t) 3) 
or by substituting . equation 2) int'o 3), 
y(t) = Ba(l -· e
-Ht). 4) 
Therefore, the rate at which BOD is exerted is, 
dy(t) 
dt 
-Ht 
HB e a 5) 
14 
The 
Assumption 5) expressed in mathematical differential form is, 
dD(t) 
dt 
= d y ( t) ... RD ( t) 
dt 
where D is the DOD in ppm, and 
R 
solution 
D (t) :::::: 
is the rate 
to equation 
HBa (e-Ht 
(R - H) 
of reaeration 
6) is, 
e-Rt) - + D e a 
factor. 
-Rt 
where Da is the initial DOD in ppm. 
6) 
7) 
A more realistic set of equations for determining DOD as a 
function of BOD, reaeration, and time can be derived from the 
following assumptions: 
1. Over at least short distances, the flow of water in the 
river varies as a linear function of distance. The 
rate at which it varies is a function of the economic 
and geographic descriptive factors. 
2. Organic oxygen-demanding- substances are adc::led at a rate 
that is a linear function of distance. The rate at 
which they are added is the function of the economic 
and geographic descriptive factors. Even point 
sources effectively require distance to mix with the 
river. 
15 
6) 
3. The rate at which the BOD of the settleable organic 
substances reacts with the .DO in the river water is a 
linear function of distance. The rate at which they 
consume DO from river water is a function of the 
economic descriptive factors. 
4. The rate at which the BOD of the suspended organic 
substances changes is equal to the rate at which the 
BOD changes due to addition and dilution minus the 
rate at which the BOD reacts with the DO in the river 
water. 
5. The rate at which DOD changes with time is equal to 
the rate which the suspended BOD is exerted plus the 
rate at which the settleable BOD is exerted plus the 
rate at which the DOD changes due to addition and 
dilution mir:ius the rate. of reaeration. 
6. Flow velocity is c�nstant; therefore, the linear 
�unctions_of distance in ·assumptions 1), 2), and 3) 
are also .linear· functions of time. 
Assumption 1) expressed mathematically in terms of assumption 
is, 
FT (t) = FJ + ivt 8) r 
where F' T is the total flow in cfs, 
F' a is the initial flow in cfs, 
16 
r is the length of the reach of the river under 
consideration in miles, 
v is the velocity of the river in miles per day, 
t is the time in days, and 
f is a function of the economic and geographic 
descriptive factors �o be defined later . 
By combining terms, 
17 
9) 
Assumption 4) expressed mathematically in terms of assumptions 
2) and 6) and equation 8) is, 
By 
I b t 
dB(t) = � <; . 4FaBa + rv ) 
dt dt 5 . 4FT (t) 
where B is the BOD in ppm, 
- HB (t) 
Ba is the initial BOD in ppm, 
5.4 is a conversion factor (lbs/day)/ (cfs-ppm), 
and 
b is a function of the economic and geographic 
descr�ptive factors to be defined later . 
combining terms-, 
dB(t2 = �{A + Gt) - HB (t) 
dt dt FT (t) 
Equation 11) is a 1 inear, nonhornogeneous, first-order, 
10) 
11) 
ordinary differential equation. The nonhomogeneity is a nonlinear 
function and as a result the solution to it cannot be expressed 
in a convenient computational form. This problem can be overcome 
by approximating the nonhomogeneity ·by a linear function. 
A+ Gt :t(
A + Gt1 
FT (t) FT{tl) 
1°2) 
where t1 is an arbitrary small time increment for which the 
approximation is considered to be valid and t is 
less than or equal to t1. 
By combining terms, 
A · + Gt '=' s l t + 
A 
FT (t) · Fa . 
and therefore, 
Equation 1 1) becomes, 
dB(t) = S1 - HB (t) dt 
The solution to equation 15) is, · 
B (t) =- � (. 1  - e-Ht) + Bae-H
t . 
H 
13) 
14) 
15) 
16) 
By substituting equation 16) into 3) and differentiating the rate 
at which BOD is exerted is found to be, 
dy(t) 
dt 
17) 
18 
19 
Assrunption 5) expressed mathematically in terms of assumptions 
3) and 6) and equations 17) and 8) is, 
dD(t) 
dt 
RD (t) 18) 
where Ym is a function of the economic descriptive factors 
and will be defined later, and 
d is a function of the economic and geographic 
descriptive factors and will be defined later. 
By combining terms, 
dD(t) == dy(t) + �(E + Qt) _ RD (t) 
dt dt dt FT (t) 
19) 
Equation 19) is linear, nonhomogeneous, first-order, ordinary 
differential equation. Again the nonhomogeneity is a nonlinear 
function and as a result the solution to it cannot be expressed in 
a convenient computational 'form. This pro?lem can be -overcome by 
approximating the nonhomogeneity by a linear function. 
By combining terms, 
E + Qt 
FT (t) 
E = Szt+-
Fa 
20) 
21) 
Therefore, 
�(E + Qt) � Sz dt FT (t) 
and equation 19) becomes, 
dD(t) ::: (HBa - S1) e
-Ht + Sz - RD (t) dt 
The solution to equation 23) is, 
D (t) ::: 
(S1 + Sz) (1 
R 
- e 
+ (HBa - S1) (e-Ht 
{R - �) 
+D e-Rt a 
-Rt) 
- e -Rt) 
22) 
23) 
24) 
R, the rate of reaeration factor, is difficult to determine 
It is a function of all the geographic descriptive factors listed 
on page 3. As a method for simplifying the determination of R, 
Fair, page 846 (9) , defined a generalized stream self-purification 
constant, ff, as: 
ff = R 
H 
The use of Fair' s self-purification constant enables R to be 
computed as a product of H and ff. 
Table 1 contains values for �£. The values of ff are listed 
according to general classifications. · From the range of values 
listed for each classification, a first approximation of ff can be· 
20 
made. The approximated value can then be improved by a trial -and­
error procedure, provided all factors except R are known for 
equation 24). 
Nature of receiving water 
Small ponds and backwaters 
Sluggish streams and large lakes or 
impoundments 
Large streams of low velocity 
Large streams of moderate velocity 
Swift streams 
Rapids and waterfalls 
Magnitude of 
ff at 20C 
0 .5 -1. 0 
1 . 0 - 1. 5  
1 .5-2. 0 
2 . 0-3. 0 
3 . 0-5. 0 
Above 5. 0 
Table 1 .  Fair's Self -Purification Constants (9) 
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The rate at which the BOD of the settleable organic substances 
reacts with the DO in the river water was expressed in an approximate 
empirical equation by Fair, page 839 (9), 
Ym = 0314Y 
'-� ( 5 + . 02w,) . oCtw y Ta. 1 + .02w' 
+ .00165w 5 
( ____ ·v ___ ) 
1 + .00165w 
. V 
where Ym is the benthal oxygeh demand in lbs/day/acre 
(for w') or in lbs/day/mile (for w), 
y
0 
is the ratio of BOD in the settleable wastes to 
total settleable wastes (lbs/lbs), 
Ct is a temperature correction term, 
26) 
' 
w and w are respectively the rate at which sludge 
is deposited in lbs/acre and lbs/mile, 
Ta is the time in days up to 365 which accumulation 
takes place . 
When converting to lbs/day/mile from lbs/day/acre, it was assumed 
the average width of a sludge deposit is 100 feet. 
Equations 16), 24), and 26) must be corrected for temperatures 
other than 20°c by the following relations, 
H = Ho(l.047)
T-20 
R = R0(1 .0 16)
T-20 
Ct= l.165e·
02(T-20) 1 - e-1 .95 e-.
046(T-20) 
where T is temperature in degrees centigrade and 
.Ho and R0 are the rate of BOD exertion and the 
rate of reaeration factors respectively at 20°c .  
27) 
The factors f, hand d of equations 8), 10), and 18) 
respettively are the total �low, BOD and DOD which ar� added by 
economic aRd geographic activities� Their computational formulas 
are: 
N1 N1+N2 
f = 1. 54 c10)-6 L PiFi + rL_Fj (cfs) 
i=l j=N1+l 
N1 N1+N2 
qL_ UiPiXi + 5 .4c �jFj (lbs/day) 
i=l j=N1+l 
22 
N1 N1+N2 
d = 8. 34(10)-6 � P·F!D. + 5.4 L FjDj ]. ]. ]. 
i=l j=l 
.00165Wi 
.0314Ct f (Yo) iwi-y (Ta) i (5 + V (lbs/ day) 
wi = zv 
i=l 
(BU) ·P. (BX)· ]. ]. 1. 
(BR)i 
1 + 
.00165Wi 
V 
(lbs/mile) 28) 
where the basin economic and geographic descriptive factors 
are defined as, 
Ni= total number of economic activities contributing to 
the flow, BOD and DOD (sum of all types of industrial, 
commercial and population groups) . 
Nz = total number of .geographic activities that are 
assumed to change the flow, BOD and DOD in a 
linear manner (seepage, etc. ) .  
i identification number of each type of economic 
activity in a reach o � i"S. N1 . 
j = identification number of each type of geographic 
activity . Ni+ 1 !ij �Nz+N1 . 
(BR)i = the distance required for settleable wastes from 
economic activity i to settle. 
(BU) i and Ui = percentage BOD in settleable and suspended organic 
wastes respectively by ith economic activity after 
treatment. 
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Pi = number of units in economic activity i (number of 
people in case of population group, number of products 
in case of industrial activity). 
(BX)i and Xi = population equivalent of settleable and suspended 
wastes from economic activity i, respectively. 
(Yo)i = ratio of pounds BOD to total pounds of settleable 
wastes discharged by economic activity i. 
(Ta)i = number of days up to 365 which settleable organic 
substanc.es from economic activity i accumulate on the 
river bottom. 
Fi and Di = daily water consumption per unit for economic 
activity i in gallons and DOD of waste water from 
. economic activity i in ppm respectively. 
Fj, Bj and Dj = the flow added in cfs/mile from geographic 
activity j and the BOD and DO of that flow in ppm 
_respectively. 
r and v = as previously defiried, length in miles and velocity 
in mile-s/day of reach of river where changes due to 
economic and geographic activities occur. 
q and z = percapita daily BOD of suspended organic suhstances 
and percapita daily se�tleable organic substances 
respectively. (lbs/day/person) 
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The basic system of interrelationships for the basin model is 
given by equations 9) , 16), 24) , and 28) . These relations, when 
programmed for the computer, are the basis for quality and quantity 
computations. 
The following is a discussion of the flow diagram used to 
write the computer program. A simplified ·flow diagram is shown in 
Figure 1. A detaiied flow diagram and a listing of the Fortran 
program are included in the appendix. The boxes of the simplified 
diagram. are numbered. These numbers will be used as a cross reference 
between the discussion and the diagram. 
1. Read initial quantity and quality values. This includes 
flow in cfs, BOD in ppm, DOD in ppm, and water 
temperature in degrees centigrade. The standard 
minimum DO content. in ppm is also read at this time. 
This step is used first to insert initial values for 
the main stem and then repeated whenever a tributary 
is to be considered. 
2. Define the typ� of reach and read ge6graphic and 
economic descriptive factors for it. Each reach has 
both a reach -type-num?er and a next-reach-type-number. 
The type of reach (main stem, start of tributary, or 
confluence) is d�termined by setting the reach-type­
number equal to the next -reach-type-number from the 
previous reach. The descriptive factors include all the 
quantities necessary for equation� 28). Each type of 
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Figure 1 .  Simpli fie d Flow Diagram 
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economic and geographic activity inputed has its 
descriptive factors identified by subscripts ranging 
in value from 1 to N1 and N1+l to N 1+N2 respectively. 
This is done so they may be stored and recalled whenever 
needed. It should be noted that since settleable 
wastes are considere4, not all of the economic activity 
need be located in the reach. They may be located in 
previous reaches for which the reach d istances were 
less than the sedimentation distance of the settleable 
wastes discharged in them. In addition to these 
factors the number of intermediate points to be 
examined; the next-reach-type-number, the Fair factor, 
the average water temperature, and the rate of BOD 
exertion factor for the reach, are also read. 
3 .  Is the reach a confluence? If the reach is a confluence, 
consider step 4 of the diagram next . If the reach is a 
start of a- tributary or p�rt of the main stem, consider 
step 5 of _the diagram next. The firs-t reach of the main 
stem or tributary is never a confluence. 
4 .  Recall from storage quantity and quality factors 
computed previously for the reach of the main stem just 
above confluence . The factors include flow in cfs, 
BOD in ppm, DOD �n ppm, and th� distance in miles from 
the start. The joining of the two streams will be done 
in the model by considering the main stem values as 
2 7  
geographical inputs to the tributary . Therefore, they 
are given a subscript identification number of N1+N2+l 
and restored with the rest of the noneconomic inputs 
for recall in the computation of the total flow, BOD 
and DOD additions. The method of storing and recalling 
main stem quantity and quality values before working 
on the tributary will be discussed in more detail 
after step 1 3. 
5. Compute the total flow, BOD and DOD additions. The 
computation is carried out by use of equations 28). In 
addition to these, the rate of reaeration factor is 
found by equation 25) and the effects of heat are 
determined by use of the temperature equations 27 ) .  
6. Calculate quantity and quality. Based on the total 
additions, flow, BOD and DOD are found from equations 
9), 16) and 24) respectively. Since the average 
t�mperature values are used, the DO saturation levels 
are not continuous from . reach to reach . Therefore, in 
order to insure that the DO content will be a continuous 
function of distance s a correction factor must be added 
to the DOD . The amount of the correction is equal to 
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the difference between the DO saturation of the pre�ious 
reach and of the· reach under consideration. The correction 
is made at the first intermediate point only. 
7. Is the quality critical? If the DO content is less than 
the selected minimum standard, the quality is critical. 
Consider step 8 next � If the DO content is greater than 
the minimum standard, consider step 9 next. 
8. Output a critical point indication , the quality and the 
quantity. The output includes distance from start in 
miles, distance from the beginning of the reach in miles, 
flow in cfs, BOD in ppm, DOD in ppm, DO content in ppm, 
and DO saturation level in ppm followed by the words 
"critical point. " 
9. Output the quantity and the quality. The output includes 
distance from start in miles, distance from the beginning 
of the reach in miles, flow in cfs, BOD in ppm, DOD in 
ppm, and DO content in ppm. 
10. Compute new initial point. Equations 16) and 24) are 
valid for short- time increments only. It will be assumed 
tbat the time increment between intermediate points is 
sufficiently small for a yalid approximation. Therefore, 
the values of flow, BOD and DOD computed at an . inter­
mediate point will be the initial values for the 
computations at the next intermediate point . As a 
result, the accuracy of equations 16) and 24) are 
directly dependent . on the numper of intermediate 
points considered in a reach . 
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1 1. Is this the last intermediate point in the reach? If it 
is not, start at step 6 and proceed again to this step. 
If it is, consider step 1 2 next. 
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1 2. What type is the next reach (main stem, start of tributary 
branch, or confluence)? _If main stern, star_t at step 
2 and proceed again to this step. If start of tributary, 
consider step 1 3 next. 
1 3. Store quantity and quality descriptive factors. The 
factors include flow in cfs, BOD in ppm, DOD in ppm, 
and the distance in miles from the start. The model 
starts over at step 1 and continues again to this point. 
This will continue until all reaches have been examined. 
The quantity and quality descriptive factors stored before 
working on a tributary are identified for recall by a subscript 
that corresponds to the order in which the tributaries are 
encountered. This _ is neces�ary since a tributary m�y- have a 
tributary. Figure 2 wil l  be use� to illustrate this point. The 
model will begin working at point A .  It serially examines reaches 
1, 2, and 3 in the main stem. The next-reach-type-number for reach 
3 identifies reach 4 as a start of a tributary. The tributary 
identification subscript is increased by one from an initial value 
of zero. The quantity and quality values are stored according to a 
tributary identification subscript equal to 1.  The model starts at 
point B of the tributary. The tributary is now considered by the 
model to be the main stem. The model serially examines reaches 4 
and 5. The next-reach-type-number in reach 5 identifies reach 6 
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as a start of a tributary. The tributary identification subscript 
is increased by 1 again and the quality and quantity values are 
stored according to tributary identification subscript equal to 2. 
The model starts at point C of th� tributary. The second tributary 
is now considered by the model to be the main stem. The model 
serially examines reaches 6 and 7 .  The next-reach-type-number for 
reach 7 indicates reach 8 is a confluence. The values of  quantity 
and quality from reach 5 are recalled according to a tributary 
subscript equal to 2. They are used in the computations in reach 8. 
The tributary identification subscript is decreased by 1. The 
model continues with reach 9. The next-reach-type-number for reach 
9 indicates reach 10 is a confluence. The values of quantity and · 
quality from reach 3 are .recalled according to tributary identifi­
cation subscript equal to 1. They .are used in the computations in 
reach 10. 'The model then continues down the main stem·. 
B 
Figure 2. Method of working on reaches used by the model 
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MODEL VERIF ICATION 
A section of the Big Sioux River Basin in southeastern South 
Dakota was chosen as a test application for the model. It was 
chosen because a statistical analysis of the DO content in the river 
was conducted in 1968 by Naughton {6). His analysis is a convenient 
source of data which can be used to verify the results given by the 
model. 
The point where the effluent from the Sioux Falls, South Dakota, 
waste water treatment plant is discharged to the Lincoln County 
Highway Number 1 16 bridge at Klondike, Iowa, is the section of the 
Big Sioux River to be modeled . The following is a general description 
I 
of this reach by Naughton. 
"Fr.om the treatment plant the reach measures 
32. 25 river miles to the Klondike Bridge. For the 
last 1 3. 82 miles of this stretch and for the re ­
mainder of the B�g Sioux ' s  length, the river forms 
the border between South Dakot� and Iowa, and thus 
is classified as an interstate stream. For the 
first 25 miles_ of this 'reach -below the treatment · 
plant i the river gradient averages about 1 2. 0 feet 
per mile; for the last seve� plus miles to Klondike, 
the gradient decreas·es to 1. 3 . feet per mile.
' ' 
Located just above the treatment plant is the Falls of Sioux Falls 
and a spillway at the end of a- river diversion channel. 
"Due to the presence of these features upstream 
from the treatment plant, it appeared plausible that the 
dissolved oxygen content of the river would be 
relatively high at the point where _ the Sioux Falls 
waste water effluent i� discharged. Water flows 
through the diversion channel throughout most of the 
year and is naturally aerated as it flows in a thin 
layer down the spil lway . Water not diverted through 
this channel flows over the Falls of the Big Sioux 
1. 0 miles upstream . This is another highly effective 
method of naturally entraining oxygen into the river 
water . . . . The effluent from the treatment plant is 
discharged at a point just down�tream from the junction 
of the spillway and the river . . . .  Downstream from 
Sioux Falls, the river condition becomes one of the 
most critical in the state of South Dakota . . . .  The 
influent waste water to the Sioux Falls plant contains 
much of the city's industrial as well as domestic 
wastes. These combined wastes represent a BOD population 
equivalent of 500, 000 p�rsons: Thus even with the 
high degree of treatment, there is still a considerable 
amount of organic matter that is discharged to the river. " 
It is not realistic to assume tha t all the economic and 
geographic descriptive factors are constant in this reach. 
Therefore, it has been divided into eight smaller reaches. 
1. Treatment plant to Cliff Avenue 
2. Cliff Avenue Bridge to McKee Bridge 
3. McKee Bridge to Olson Bridge 
4. Olson Bridge to Brandon 
5. Brandon to Beaver Creek 
6. Beaver Creek to East Sioux· Falls 
7. East Sioux· Falls to Grani�e 
8. Granite to Klondike 
( . 33 miles) 
(1. 50 miles) 
(3. 00 miles) 
(4. 50 miles) 
(4. 00 miles) 
(3. 24 miles) 
(7 . 44 miles) 
(8. 25 miles) 
There are five sources of data for determining the economic 
and geographic descriptive factors in these reaches. They . are : 
1 .  The records of the Sioux Falls waste water treatment 
plant (10). The treatment plant records contain 
information on the water temperature, DOD, and BOD 
of the river at seven sampling stations . 
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The approximate locations of these stations are: 
a .  Above treatment plant 
b .  Cliff Avenue Bridge 
c. McKee Bridge 
d .  Brandon 
e .  East Sioux F�lls 
f .  Granite 
g .  Klondike 
Samples from these stations had been collected and 
analyzed weekly by personnel from the Sioux Falls 
treatment plant since February 19, 1964. Although 
certain conditions had prevented gathering complete 
information every week, there had been 113 sampling 
dates through June. 28, 1967. 
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·2. Information from the United States Geological Survey ( 11). 
A United States Geologicat Survey gauging station is 
located no"rthwest of Bran�on, 6. 55 miles downstream 
from the Sioux Falls waste water treatment plant. 
3. Personal correspondence with John Morrell and Company, 
Sioux Falls, South Da.kota. John Morrell is the only 
industrial concern in Sioux Falls that significantly 
affects the river. All waste water from John Morrell 
is discharged to the B ig Sioux. through the Sioux Falls 
treatment plant. 
4 .  Water usage records for Sioux Falls (12) . The records 
contain information on the consumption by populational, 
connnercial, and industrial activities. The records 
for each year are summarized in an annual report. 
5 .  Sanitary Engineering textbooks (7), (9) . The _ following 
is a listing of locations- in the referenced books 
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where tabulated values of generalized economic descriptive 
factors can be found. 
a .  Rate of BOD exertion in suspended organic 
substances, page 525 (9). 
b. Population equivalents, page 142 (7) and 
page 869 (9). 
c .  Ratio of pounds BOD to total pounds of 
settleable wastes, page 563 (9). 
d. Industrial per product water consumption, 
page 869 (9) . 
e. · Percapita daily BOD of suspended organic 
substances page 1 37 (7) .  
f .  Percapita daily BOD of settleable organic 
substances page 563 (9) . 
Four nonconsecutive test days were chosen arbitrarily from the 
records of the Sioux Falls treatment plant. The only two restrictions 
placed on the selection of these test days were that the values for 
the temperature, DO, and BOD are listed in the records for all 
seven sampling stations and that the initial flow and temperature 
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are critical . This generally restricted the acceptable days to the 
late summer months, July and August. The days chosen were August 
12, 1964; August 25, 1965; July 27, 1966; and August 10, 1966. 
Values for the economic and geographic descriptive factors on these 
days are listed in Tables 2, 3, 4, and 5 respectively. Definitions 
of the descriptive factors listed -in the tables are found in 
Chapter 2 .  Numbers in the data source column refer to the preceding 
paragraph except for A which indicates an assumption. 
Based on the values for the descriptive factors listed in 
Tables 2, 3, 4, and 5, DO contents for each of the test days were 
determined with the model. Plots of DO content versus distance are 
shown in Figures 3, 4, 5, and 6. Included on each plot are the 
values of the DO content obtained from the treatment plant records 
and a minimum DO content from the analysis of Naughton. 
The recorded data points are few in number and scattered. In 
addition, the values at these points could be in considerable error. 
For these reaso"ns the resulting cu:rves have not been drawn. The 
points are instead plot.ted as I-bars representing ± 20% variation 
from the recorded value. 
Naughton was able to dev�lop an equation to predict minimum 
DO content, but he was unable to indicate the exact point at which 
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Tab le 2 .  Values for economic and geo graph ic descr ipt ive factor s 
on Augus t 12, 1964 
P:: 
0 
< � 
N1 
Nz 
P1 
Pz 
X1 
x? 
BX1 
BX2 
F '  
F '  2 
F ' 
3 
U1 
Uz 
BU1 
BU2 
D1 
Dz 
D3 
B 3 
BR 1 
BRz 
Yo 1 
Yo2 
T 
ff  
Ho 
V 
r 
init ial flow = 11.0 cfs, ini t ial BOD = 4 . 5  ppm, 
. . . 1 DOD 3 7 . . .  1 15 0°c in1. t 1.a = ppm ,- 1.nit 1.a t emp. = 
µ:1 < u ::r: .--I ::r: N  ::r: C"')  ::r: ..j"  ::r: If) ::r: I.D ::r: r--
H P:: u u u u u u u < :::> < . < . < . < . < < . < A O  µ:1 0 µ:1 0 
� �  µ:1 0 µ:1 0 µ:i O  µ:'.I 0 Cl) P:: z P:: z P:: z P:: z � z P:: z 
A 2 2 0 0 0 0 0 
A 1 1 1 
-
1 1 1 1 
A 70, 000 70, 000 - - - - -
3 8, 200 8, 200 - - - - -
5 1 0 - - - - -
5 35 0 - - - - -
5 1 1 - - - - -
5 35 35 - - - - -
4 100 0 - - - - -
5 500 0 - - - - -
2 . 57 . 57 . 57 .57 . 57 . 57 . 57 
l . 03 0 - - - - -
1 . 03 0 - - - - -
1 .03 .03 - - - - -
1 . 03 .0 3 - - - - -
A, 2.0 0 - - - - -
� 2 . 0 0 - - - - -
A 0 0 o ·  0 0 0 0 
A 0 0 0 0 0 0 0 
A 1 . 83 1 . 83 - - - - -
A 1 . 83 1 . 83 - - - - -
5 0 . 49 0.49 - - - - -
5 0 . 49 0.49 - - - - -
1 14 . 0  13 . 0  12 . 0  l t . O  10 . 0  10.0 10 . 0  
5 1 . 0  1 . 22 1.43  2 . 08 3.75 4.37 5.0 
5 0.75 0.75 0 . 7  0.6 0 . 39 0 . 39 0 . 39 
2 13 . 0  18 . 0  18 . 0  18 . 0  18 . 0  15 . 0  15 . 0  
2 0.33 1 . 5  3.0 4 . 5  4 . 0  3.24 7 . 44 
::r: u 
< 
µ:'.I 0 � z 
0 
1 
-
-
-
-
-
-
-
-
. 57 
-
-
-
-
-
-
0 
0 
-
-
-
-
10 . 0  
5 . 0 
0.39 
15 . 0  
8 . 25 
-... 
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Table 3 .  Values for economic and geographic descriptive factors 
on August 25, 1965 
0 < i:z.:i  
H H O < �  
A �  
0 
Nl A 
Nz A 
pl -
p2 3 
Xl 5 
X2 5 
BX1 5 
BX2 5 
F ' 1 4 
F ' 5 
F3 2 
U1 I 
u2 1 
BU1 1 
BU2 1 
D1 A 
D2 A 
D3 A 
B3 A 
BR1 A 
BRz A 
Yo 1 5 
Yo2 5 
T 1 
ff 5 
Ho 5 
V 2 
r 2 
initial flow = 68 . 0  cfs, initial BOD = 7.0 ppm , 
initial DOD = 1 .8 ppm , initial temp . = 20 . 0°c 
� ,--1 ::t:! N  � CV')  � ..;:t  � Lr) � \.0 ::I:! � 
0 0 0 0 0 u 0 < < < � � . < . < 
� � � o  µ-l 0 µ-l 0 � �  µ-l 0 g:J �  � z  � z  � z  � z  
2 2 0 0 0 0 
1 1 1 1 1 1 1 
70 , 000 70 , 000 - - - - -
8 . 200 8 . 200 - - - - -
1 0 - - - - -
35 0 - - - - -
1 1 - - - - -
35 35 - - - - -
100 0 - - - - -
500 0 - - - - -
. 57 . 57 . 57 . 57 .57 . 57 . 57 
. 03 0 - - - - -
. 03 0 - - - - -
.03 0 - - - - -
.03 0 - - - - -
. 2 . 0_ 0 - - - - -
2 .  0- 0 - - - - -
0 a 0 0 0 0 0 
0 0 0 0 0 0 0 
1.8 3  1.83  - - - - -
1 .8 3  1.83 - - - - -
0.49 0 . 49 - - - - -
0 . 49 0.49 - - - - -
2 1 . 0  20 . 0  20 . 0  20 . Q  20.0 20.0 20 . 0  
1.0 1. 22  1 . 43  2 . 08 3 . 75 4 . 37 5 . 0  
0 . 75 0 . 75 0 . 7 0 . 6  0.39 0 . 39 0 . 39 
20 . 0  20 . 0  20 . 0  20 . 0  20 .. 0 16 . 0  16. 0 
0 . 3 3 1 . 5  3 . 0 4 . 5  4 . 0 3 . 24 7 . 44 
::I:! 00 
0 � 
µ-l 0 
� z  
0 
1 
-
-
-
-
-
-
-
-
.57 
-
-
-
-
-
-
0 
0 
-
-
-
-
20 . 0  
5.0 
0 . 39 
16.0 
8 . 25 
'" 
,, 
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Table  4 .  Va lues for economic and geographic des cr ipt ive factors  
on July  2 7 , 1966 
� 
H 
� 
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initial f low = 78 . 0  c f s , initial BOD = 7. 0 ppm , 
initial DOD = 1 . 8 ppm , initial t emp . = 26. 0°c 
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4 100 0 -
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2 . 57 . 57 . 57 
1 . 03 0 -
1 . 03 0 -
1 . 03 . 03 -
1 . 03 . 03 -
-
A · 2 . o . 0 -
A 2 . 0 · . o  -
A 0 0 0 
A 0 0 0 
A 1 . 83 1. 83 -
A 1 . 83 1. 83 -
5 0 . 49 0 . 49  -
5 0 . 49 0 . 49 -
1 26 . 0  26 . 0  26 . 0  
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2 0 . 33 0 . 33 3 . 0  
::ti --::t  
C,) 
-c::i:: • µ:;i 0 
� z  
0 
1 
-
-
-
-
-
-
-
-
. 57 
-
-
-
-
-
-
0 
0 
-
-
-
-
2 5 . 0  
2 . 08 
0 . 6 
20 . 0  
4 . 5  
::ti I.I") u 
-c::i:: • 
� �  
0 
1 
-
-
-
-
-
-
-
-
. 5 7 
-
-
-
-
-
, -
0 
0 
-
-
-
-
24 . 0  
3 . 75 
0 . 39 
20 . 0  
4 . 0  
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24 . 0  24 . 0  
4 . 37  5 . 0  
0 . 39 0 . 39 
16 . 0  16 . 0  
3 . 24 7 . 44 
::i:: co u 
< . 
� g  
0 
1 
-
-
-
-
-
-
-
-
. 57 
-
-
-
-
-
-
0 
0 
-
-
-
-
24 . 0  
5 . 0  
0 . 39 
16 . 0  
8 . 2 5  
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Tab le 5 .  Values for economic and geographic des cr ipt ive fac tors 
on Augus t 10 , 1966 
P:: 
0 
< 
N1 
Nz 
P l 
P z 
Xl 
Xz 
BX1 
BXz 
F '  1 
F '  2 
F ' 3 
U 1 
Uz 
BU1 
BUz 
D 1 
D z 
D3 
B3 
BR 1 
BR2 
Yo 1 
Yo2 
T 
ff 
Ho 
V 
r 
ini t ial f low � 16 . 0  c f s , init ial BOD = 5 . 0  ppm , 
ini t ial D OD = 1 . 6  ppm, init ial temp . = 18 . 0°c 
µ.::j 
� ,..._.. < u ::C: r-1  � N  ::r:: ("f)  ::r:: �  ::r:: 1./') � '° 
E--1 P:: u u u u u u u < :::>  < <t: • < < <i:: • <t: • < 
A O  µ.::j 0 µ.::j 0 µ.::j 0 µ.::j 0 � g  
µ.::j 0 
� g  C/) P:: z � z  � z  p::: z p:; z 
A 2 2 0 0 0 0 0 
A 1 1 1 1 1 1 1 
- 70 , 000 70 , 000 - - - - -
3 8 , 200 8 , 200 - - - - -
5 1 0 - - - - -
5 35 0 - - - - -
5 1 1 - - - - -
5 35 35 - - - - -
4 100 0 - - - - -
5 500 0 - - - - -
2 . 5 7 . 57 . 5 7 . 57 . 5 7 . 5 7 . 5 7 
1 . 03 0 - - - - -
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1 . 03 ; 03 - - - - -
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A 2 . 0 0 - - - - -
A 0 · o  o ·  0 0 0 0 
A 0 0 0 0 0 0 0 
A 1 . 83 1 . 83 - - - - -
A 1 . 83 1. 83 - - - - -
5 0 . 49 0 . 49 - - - - -
5 0 . 49 0 . 49 - - - - -
1 2 1 . 0 18 . 0  18 . 0  16 . 0  16 . 0  16 . 0  16 . ·o 
5 1 . 0  1 . 22 1 . 43 2 . 08 3 . 75 4 . 37 5 . 0  
5 0 . 75 . 75 0 . 7  0 . 6 0 . 39 0 . 39 0 . 39 
2 18 . 0  18 . 0  18 . 0  18 . 0  18 . 0  15 . 0  15 . 0  
2 0 . 33 1 . 5  3 . 0  4 . 5  4 . 0  3 . 24 7 . 44 
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it would occur . He instead offered the following observation : 
"The minimum DO in the river, when the dissolved 
oxygen concentration dropped below 4. 0 mg/1, however, 
was almost always measured nearest the McKee or Brandon 
station. This seems to indicate that the minimum DO 
often occurred somewhere between these two stations. 
Since these stations are 7. 5 miles apart, a more 
accurate determination of both the location and the 
concentration of the minimum- dissolved oxygen in the 
river could probably be' obtained if a sampling 
station were located approximately midway between 
them. " 
The examination of the DO curves determined from the model 
resulted in the following observations : 
1 .  The model provides a reasonable approximation of 
the observed DO content. The approximation is 
closest for the cases of low initial flow. This is 
reflected by the agreement with minimum DO content 
given by Naughton ·and by the shape of the curve. 
Although the curves for the cases of high flow 
follow the same tr�nds as the observation d�ta, no 
explanatio_n can be offered for their higher DO levels. 
2. The point - of minimum DO content is located between 
the McKee and Olson Bridges and is dependent on 
initial flow. This location is consistent with the 
observation of Naughton. 
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Figure 3. DO Content vs . Dis tance Augus t 12 , 1964 
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A STUDY USING THE MODEL 
Since the quality of the water in the Big Sioux River down ­
stream from Sioux Falls is already critical due to the present 
level of utilization, the use of the model will be demonstrated 
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by the determination of  the degr� of further degradation of quality 
that will result from increases in population and industrial 
production. 
The industrial productivity can be expressed as the equivalent 
nu�ber of people which_would contribute the same amount of wastes, 
therefore the total equivalent population provides a single value 
for each set of population and productivity levels. 
The minimum DO content was determined by the model for values 
of equivaient population. These values were obtained by varying · 
both the Sioux Falls population and the John Morrell productivity 
simultaneously, while all other economic descriptive factors were 
held const'ant at current values. · Only the first f:Lve · of the eight 
reaches which were used in the verification were used for the study. 
This was done because the point of minimum DO content will most 
probably be located in this portion of the river. The model was · 
first used with worst case temperature and initial flow, and a 
moderate initial BOD and DOD . It ' was then repeated with worst 
case temperature, and moderate initial. BOD, DOD and flow. Table 6 
shows the population, productivity, and initial conditions used. 
Table 7 shows the values for all other economic and geographic 
factors which were held constant for the study. 
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The results are shown as a plot of minimum DO content versus 
equivalent people in Figure 7.  The curve plotted from the 15 cfs 
initial flow case indicates a negative DO content. Although a 
negative DO content is physically impossible, it is still mathe­
matically possible because the rates at which suspended and 
settleable organic wastes remove oxygen from the water are assumed 
dependent on the amount and type of oxidizable material present, 
not on the available oxygen. Therefore, the equations of the model 
are not a true representation of the physical system in cases 
where the DO content approaches zero. 
From an examination of Figure 8, the following observations 
have been made: 
1 . The rate o� degradation of the Big Sioux River due 
to population and industrial growth in Sioux Falls 
is a function of the equivalent population and of the 
initial flow. ·At low eq�ivalent populations the rate 
is high; but as the equivalent population increases, the 
rate decreases. In the case of moderate initial flow, 
the absolute quantity of oxygen present is greater 
than in the case of low initial flow ; therefore, at . 
the same equivalent population the rate of degradation 
is smaller. 
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Table 6. Population, productivity, and initial 
conditions for degradation study 
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Table 7 .  Values for economic and geographic descriptive factors 
used in degree of degradation study 
REACH REACH REACH REACH REACH 
FACTOR 
NO . 1 NO . 2 NO . 3 NO . 4 NO . 5 
Nl 2 2 0 0 0 
N2 0 0 0 0 0 
Xl 1 0 - - -
X2 35 0 - - -
BX1 1 1 - - -
BX2 35 35 - - -
F i 100 0 - - -
F ' 2 500 0 - - -
Ul . 03 0 - - -
Uz . 03 0 - - -
BU1 . 03 . 03 
- - -
BU3 . 0 3 . 03 - - -
D1 2 . 0  0 - - -
D2 2 . 0 0 - - -
BR1 1 . 8 3 1 . 83 
- - -
BR2 1 . . 8 3  1 . 83 - - -
Yo1 . 49 . 49 - - -
Yo2 . 49 . 49 - - -
T 25 . 0  2 5 . 0  25 . 0  2 5 . 0  25 . 0  
ff 1 . 0  1 .  22 1 . 43 . 2 . 08 3 . 75 
Ho 0 . 75 0 .  75 0 . 7  0 . 6 0. 39  
V 15 . 0  18 . 0  18 . 0  18 . 0  18 . 0  
V . 33 1 . 5 3 . 0  4 . 5 4 . 0  � 
2 .  A change in the initial flow results in a nonproportional 
change in the level of equivalent population which will 
cause critical quality. For example, if a DO content of 
4 ppm is assumed as the minimum allowable standard, then 
at an initial flow of 15 cfs a maximum equivalent popula­
tion of  40, 000 people could discharge wastes into the 
river without exceeding the minimum standard; but at  
an  initial flow of 55 cfs, a maximum equivalent popula ­
tion of 200, 000 could be tolerated. In other words, if 
the flow is increased by a factor of 3. 6, t he allowable 
equivalent population will be increased by a factor of 
5. 0. This effect is amplified if the minimum allowable 
DO content is decreased; at a 2 . 5  ppm minimum standard 
DO content, if the initial flow is increased by a factor 
of 3. 6 the allowable equ ivalent population will be 
i�creased by a factor of 6. 7 5. 
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CONCLUSIONS AND RECOMMENDAT IONS 
This research resulted in the following general conclusions: 
1. A mathematical model of a river basin can be constructed 
which will: 
a. Use a set of repres�ntative geographic and 
economic descriptive factors. 
b. Describe the basin as a series of reaches. 
c. Use generalized values for the representative 
geographic and economic descriptive factors. 
d. Make both additions and subtractions to quality 
and quantity by a distributive means. 
2. The model is limited by : 
a. Factors whose values must be approximated in non­
precise manners. Examples of these are Fair's 
self-purification constant and seepage. 
h. Situations where the DO content is severely 
depressed . . 
c. Situations where the' content of types of pollutants 
other than organic oxygen-demanding substances is 
high. 
3. A model constructed to the above criteria reasonably 
approximated a specific section of a specific river. 
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The following specific conclusions can be made concerning 
the model verification and the example study. 
1. The value of the minimum DO content obtained by the 
model for the reaches of the Big Sioux River below 
Sioux Falls is consistent with the value given by 
Naughton. 
2. The point of minimum DO content in the Big Sioux River 
below Sioux Falls is located between the McKee and 
Olson Bridges and is dependent on the initial flow. 
This location is consistent with the observation of 
Naughton. 
3. The shape of the DO profile for the Big Sioux River 
pelow Sioux Falls obtained from the model is con­
sistent with the DO values from the examination of 
the Sioux Falls waste water treatment plant records. 
4. The rate of degradation_ of the Big Sioux River due to 
•population and industrial growth in Sioux Falls is a 
function of the equivalent population and of the 
initial f low. 
5 .  A change in the ini�ial flow results in a nonproportional 
change in the level of e_quivalent population which will 
cause critical quality. This effect is amplified oy 
lowering the minimum allowable DO content. 
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The following reconnnendations for further study have resulted 
from this research: 
1 . Increase the portion of the Big Sioux River Basin 
modeled to determine if the good results obtained 
in the reaches present l� modeled are coincidental. 
2. Model a different river basin. This recommendation is 
contingent on the results of the above reconnnenda tion. 
3. Determine more precise methods for obtaining values for 
factors such as seepage and Fair's self-purification 
constant. 
4. Correct the equations of the model for cases where the 
DO content approaches zero by assuming that the rate 
of BOD exertion is a function of both the amount of 
oxidizable wastes present and the amount of oxygen 
present. 
5 .  Determine and add · to the model the necessary . equations 
to be able to consider the degradation of quality by 
types of . pollutants other than organic oxygen �demanding 
substances. 
6. The location of the point of minimum DO content 
determined by the model agreed in all cases with the 
observations of Naughton, although the value of the· 
DO content computed by the model for this point 
increased in error as the flow increased . Therefore , 
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the relations between the model and specific reaches of 
the Big Sioux River should be investigated to explain 
and eliminate this error. 
7 .  Verify the apparent functional relationship observed 
in the example study between initial flow, rate of 
degradation of qual ity, and equivalent population 
discharging wastes. 
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APPENDIX 
Variable 
Name in 
Program 
CFSA 
BODA 
DODA 
STD 
NI 
N2 
L 
NR 
CFS {I)  
CFS (I) 
CFS {I) 
BOD (I) 
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DEF INITION OF VAR IABLES USED IN COMPUTER PROGRAf.1 
Variable 
Name in 
Text 
Fa 
Ba 
Nz 
F ·  1 
F ·  1 
B · J 
Description of Variable 
and Units 
initial flow (cfs) 
initial BOD (ppm) 
initial DOD (ppm) 
minimum standard DO content 
(ppm) 
total number of economic 
activities contributing 
to the flow, BOD, and DOD 
(Sum of all types of in­
dustrial, connnercial and 
population groups) 
total number of geographic 
activities that are assumed 
to change the flow, BOD and · 
DOD in a linear manner (seep­
age, etc. ) 
number of intermediate points 
to be considered in reach 
next-reach-type-number 
water consumption for population 
group i (gallons/day/person) 
I = 1 - - - N1 
water consumption for industrial 
activity i (gallons/day/product) 
I = 1 - - - N1 
water input from geographic 
activity j (cfs/mile) 
I �  N1 + 1 -- N1 + N2 
BOD of water input from 
geographic activity j (ppm) 
I = N1 + 1 - - N1 + N2 
Variable 
Name in 
Program 
DOD ( I) 
DOD (I) 
PP ( l) 
BPP (I) 
P (I) 
BP (I) 
PN (I) 
BPN (I) 
Variable 
Name in 
Text 
D ·  l. 
D ·  J 
(BU) i 
P ·  l. 
X · l. 
(BX) i 
Description of Variable 
and Units 
DOD of water input from 
economic activity i (ppm) 
I =  1 - - - N1 
DOD of water input from 
geographic activity j (ppm) 
I =  N1 + 1 - - N1 + Nz 
percentage BOD in suspended 
organic wastes from economic 
activity i after treatment 
I =  1 --- N1 
percentage BOD in settleable 
organic wastes from economic 
activity i after treatment 
I =  1 -- - N1 
number of units in economic 
activity i adding suspended 
organic wastes (number of 
people in case of population 
group, number of products in 
case of industrial activity) 
I =  1 --- N1 
number of units. in economic 
activity i adding settleable 
organic wastes (number of 
people in case of population 
group, number of products in 
case of industrial activity 
I =  1 --- N1 
population equivalent of sus­
pended wastes from economic 
activity i (people/product) 
I =  1 --- N1 
population equivalent of set­
tleable wastes from economic 
activity i (people/product) 
I =  1 - - - N1 
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Variable 
Name in 
Program 
YO (I) 
SDIS ( I) 
: SD (I) 
TEMP 
FF 
HO 
VEL 
RLENM 
RN 
Variable 
Name in 
Text 
(Yo)i 
(BR) i 
T 
f f  
V 
r 
Description of  Variable 
and Units 
ratio of pounds BOD to total 
pounds of settleable wastes 
from economic activity i 
I ::  1 - - - N
1 
the distance required for 
settleable wastes from 
economic activity i to settle 
(miles) I ::  1 · - - - N
1 
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number of days up to 365 which 
settleable organic wastes from 
economic activity i accumulate 
on the river bottom (days) 
I = 1 - - - N1 
average water temperature in 
reach (OC) 
Fair' s self -purification con­
stant 
rate of BOD exertion at 20°c 
(day) 
average river velocity in 
reach (miles/day) 
length of reach (miles) 
reach identification number 
6 2  
De tailed Flow Diagram for the Mathematical Model  of a 
River Basin 
LOGI C 
DEFINE 02 
SATURATION 
LEVELS 
INI TI ALI ZE 
NEXT REACH 
TYPE & TRI B .  
IDENT . NO . 
TNPUT INITI ­
AL RIVER 
VALUES 
OUTPUT 
REPORT 
HEADING 
INITIALI ZE 
SAT . LEVEL 
AND 
D ISTAnCE 
- FORTRAN INSTRUCTION 
S (  1 )  = 1 4 . 2  
I 
I 
S ( 29 )  = 7 . 8  
NR = 0 
J = 0 
READ CFSA , DODA , BODA , TEMP , 
STD 
WRITE CFSA , DODA , BODA , STD 
= TEMP 
ss = S ( K ) 
TDIS  = o .  
LOGI C 
CONVERT INI ­
TIAL BOD & 
DOD TO 
LBS/DAY 
DEFINE REACH 
TYPE ( 1'1AIN 
STEM , TRI B . , 
CONFLUENCE ) 
l 
INPUT 
REACH TYPE 
FACTORS 
INPUT 
REACH 
· NUMBER 
COMPUTE TOTAL 
NO . OF ECON . 
& GEOGRAPHIC  
INPUTS 
IS THERE 
ANY ECO:N . 
INPUT ? 
FORTRAN INS�RUCTI ON 
A =  5 . 4�CFSA*BODA 
C = 5 . 4* CFSA 
E = 5 . 4*CFSA*DODA 
NRR = NR 
READ N 1 , N2 , 
READ RN 
NN = N l  + N2 
NNN = N 1  + 1 
N3 = NN 
IF ( NN )  
L ,  NR 
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NO 
LOGI C 
INPUT 
ECONOMI C 
DESCRIPTIVE 
FACTORS 
INPUT 
GEOGRAPHIC 
FACTORS 
I S  THE 
REACH A 
CONFLUENCE? 
· YES 
RECALL MAIN STEM 
RIVER VALUES AND 
RESTORE WI TH GEO­
GRAPHI C FACTORS · 
OUTPUT REACH 
HEADI I\G  ON 
REPORT 
SHEET 
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FOR�RAN INSTRUCTION 
DO I = l  , NN 
READ P ( I ) , PN ( I ) , CFS ( I ) , 
PP ( I ) , DOD ( I ) , BOD ( I ) , 
BP ( I ) , BPN ( I ) , SD ( I ) , 
BPP ( I ) , YO ( I ) , SDIS ( I )  
READ TEMP , FF , HO , VEL , RLENM 
I F ( 2-NRR ) 
N3 = NN+ 1 
CFS ( N3 )  = STOREF( J ) /RLENM 
BOD ( N3 )  - S'rOREB ( J ) 
DOD ( N3 ) = STORED ( J ) 
J = J - 1  
WRI TE RN 
LOGI C 
COMPUTE TEMP . 
CORRECTIONS 
FOR H ,  R ,  CT 
INITIALI ZE 
TOTAL ADDI -
' 
TION FACTORS 
I S  THERE 
ANY ECON . 
INPUTS ? 
I S  THERE 
ANY SUS­
PENDED · 
WASTES? 
YES 
COMPUTE FLOW 
& BOD ADDED 
BY ECONOMI C 
ACTIVITIES 
65  
FORTRAN INS'l1RUCTION 
H = HO* ( l . 047* * ( TEMP-20 . ) ) 
R - HO*FF* ( 1 . O  1 6-x• *  ( TEMP -20 • . 
) ) 
CT = 1 . 1 65*EXP ( . 02* ( TEMP-20 . 
) ) * ( 1 . -EXP ( - 1 . 95* EXP ( - . 
OL1-6�· TEMP-20 . ) ) ) )  
WF = o .  
B = o .  
D = o .  
F = o .  
I F ( N  1 )  
IF (. CFS ( I ) )  
B = . 25*PP ( I ) *P ( I ) *PN ( I ) * 
VEL/RLENM+B 
D = . 00000834*P ( I ) *CFS ( I ) *  
DOD ( I ) *VEL/RLENM+D 
NO 
JDGI C  
I S  THERE 
ANY SETTLE­
ABLE WASTES ? 
YES 
COMPUTE 
SETTLEABLE 
WASTES PER 
1v1ILE 
SET SETTLE­
ABLE WASTES 
TO ZERO 
COMPUTE. DOD 
ADDED BY 
- ECONOMI C 
ACTIVITY 
FORTRAN I NSTRUCTION 
IF ( SDI S ( I ) ) 
WF = . 086*BPP ( I ) * BP ( I ) * BPN 
( I ) *VEL/SDI S ( I )  
· WF = 0 
66 
F = . 00000834*P ( I ) * CFS ( I ) * _ 
DOD ( l ) *VEL/RLENM+ . 03 1 4* 
CT�·YO (  I ) . -� 1vF-,(• ( SD ( I )  * ·X· . 5 )-* 
( 5+ . 00 1 65*WF/V ) /( 1 + . 00 1 65 
WF/V ) +F 
LOGI C 
HAVE ALL ECON . 
ACTIVI TI ES BEEN 
CONSI DERED 
I S  THERE 
ANY GEO ­
GRAPHIC 
ACTIVI TI ES ?  
YES 
COMPU1'E FLOW , 
BOD & DOD AD ­
DED BY GEO . 
ACTIVITI ES 
COMPUTE TIME IN  
REACH & TIME BE­
TWEEN INTERMEtiI �  
ATE POINTS 
67 
FORTRAN INSTRUCTI ON 
I F ( NNN -N3 ) 
DO I =il l  + 1  , NNN 
B = 5 . 4*CFS ( I ) *BOD ( I ) *VEL+B 
D = 5 . 4* CFS ( I ) *VEL+D 
F = 5 . 4*CFS � I ) * DOD ( I ) *VEL+F 
RLENT = RLENM/VEL 
BL = L 
TT = RLENT/BL 
NO 
LOGIC 
COMPUTE 
FLOW , BOD 
AND DOD 
COMPUTE REACH 
DI STANCE Al'JD 
TOTAL 
DI STANCE 
I S  THIS 
THE FIRST 
INTERl'-';EDI ATE 
POINT? 
YES 
HAS SATU ­
RATI ON LEVEL 
CHANGED FRQ tvI 
. LAST REACH? 
YES 
CORRECT DOD 
FOR CHANGE IN 
SATURATI ON 
LEVEL 
COMPUTE 
DO 
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FORTRAN INSTRUCTION 
CFST = ( C+D*TT ) /5 . 4  
G l  = ( ( A+B*TT ) /( C+D* TT ) -A/C )  
/TT 
G2 = ( ( E+F* TT ) /( C+D* TT ) -E/C ) 
/TT 
BODT = G l * ( 1 . -EXP ( -H*TT ) ) /H+ 
A*EXP ( -H*TT ) /C 
DODT = ( G l +G2 ) * ( 1 . -EXP ( -R* TT 
) ) /R+ ( H*A/C-G l ) * ( EXP ( 
-H* TT ) -EXP ( -R*TT ) ) /( R  
�H ) +E*EXP ( -R*TT ) /C 
BN = N 
RDIS  = VEL*TT* BN 
DIS = RDIS+TDI S 
K = TEMP 
IF ( N - 1 ) 
IF( SS-S ( K ) ) 
DODT = DODT+S ( K ) -SS 
·no = S ( K ) -DODT 
NO 
LOGIC  
IS  THE 
DO CONTENT 
CRITICAL ?  
YES 
OUTPUT 
CRITI CAL PT . 
AND RIVER 
VALUES 
OUTPUT 
RIVER 
VALUES 
COMPUTE 
NEW .IFITI ­
AL 
VALU.ES 
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FORTRAN INSTRUCTION 
IF ( DO -STD ) 
WRITE DIS ,  RDI S ,  CFST , BODT , 
DO , S ( K ) , DODT , 
CRITI CAL POINT 
WRITE DI S , RDI S , CFST , BODT , 
DODT , DO , S ( K )  
A =  5 . 4*CFST*BODT 
C = 5 . 4*CFST . . 
E = 5 . 4*CFST*DODT 
LOGI C 
I S  THIS THE 
LAST INTER­
MEDIATE 
POINT? 
," YES 
---��-- START OF 
½�AT TYPE TRI B .  
FORTRAN INSTRUCTI ON 
I S  THE NEXT IF ( NR- 1 ) 
REACH?  
MAIN STEi·,,: 
COMPUTE 
NEV/ INITIAL 
VALUES 
STORE 
RIVER 
VALUES 
TDI S = DI S 
SS = S ( K ) 
J = J+ l 
STOREF ( J )  = CFST 
STOREB( J )  == BODT 
STORED ( J )  = DODT 
STOREL ( J )  = DI S  
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A compl e te listing o f  the Fortran pro gram wi th com.rnent  cards , 
is  available from the Depar tmen t o f  Me c hani cal Engineerin g , 
South Dako ta S tate University , Brookings , South Dako ta . 
Format of  Input Cards 
� a -+  LI")! 
C) z 81 �, �, �, g! �, �1 �, 
, �EMP FF
� 
HO VE
� 
RLENM 
X . XX X .  X . XX X o  X . XX 
�, �, �, �, gj 
6 
V BP (I) 
I 
BPP SDIS 
BPN (I) SD (I )  . ( I) YO ( I) ( I) 
I X .  I X .  x . x . xx x . xx x . xx 
5 
• I I I DOD BOD 
P (I) PN- ( I) CFS ( I) PP (I) ( I) (I) 
I X .  I X .  I X .  x .xx x .xx ' x . xx I 
4 
/ 
I I 
I 
RN Reach De scr ipt ion 
x . x  I I 
: 
I 
3 
l{l N2 L NR 
2 X X X X 
�FSA BODA DODA TEMP STD 
1 
x .x x pxx x . xx X oXX x . xx 
..... - - -
Card 1 is used · at the s tart o f  the main s tem or each tributary . 
Cards 2 -6  are used in gro�ps . for each reach o f  main stem and tributary . 
Notes : 
1 .  
2 .  
3 .  Cards 4 and 5 are used in pairs for each type o f  economic and geographic act ivity 
in a reach . 
�1 gj 
--...J 
r--' 
\ 
C F S A  = 1 1 . 0  BODA = 4 . 50 DOOA = 3 . 70 S TD = 4 . 00 
' 
!{ E AC H  NO . l .  O P L A N T  T O  C L I F F A V .  
T O I S  R O I S  F L O'W BOD  DOD  0 0  SAT  
( M I . l ( M I .  l ( C F S )  ( P PM ) ( P P M ) ( P PM ) ( P P M ) 
� 0 . 1 6 0 . 1 6  1 9 . 7  1 5 . 0 5  3 . 9 4  6 . 4 6 1 0 . 4 0 
0 . 3 3 o .  3 3  2 ·a .  3 1 9 . 08 3 . 9 5  6 . 4 5  1 0 . 4 0 0.. 
(D 
t-' 
0 
C 
R E ACH  N O . 2 . 0  · CL I H  A V .  T O  M C  K E E  rt 
T u  I S  RO I S  H o r;  B O D  l) Q l)  DO  SAT  "'d 
( M I . l I M  I • ) ( C F S )  ( P P M ) ( P P M ) ( P PM ) ( P P !-'  l 
C 
rt 
0 . 8 3  0 . 50 2 d . 6  1 8 . 60 S . 8 5  4 . 7 5 1 0 � 60 
1 . 3 3  1 . 0 0 2 P. .. 9 1 8 . 1 4 7 . 4 6 3 . 1 4  1 0 . 60 CR I T I C A L  P C l NT 
H1 
0 
l .  8 3 l . 50 2 9  .· 2 1 7 . 69 Y . 0 0  1 . 6 0  1 0 . 6 0 CR I T I C AL r> C I N T Ii 
Ii 
(D 
0) 
R EA C H • NO • .  MC  K E E  T O  OL SON 
() 
3 . 0  I ::r' 
T O I S  R O I S  F L C W  B O O  c o o  DO  SAT  ro 
I M  I .  l ( M I . l ( C f S l ( P PM ) ( P P M ) ( P P M ) ( P P M ) 
(/) 
2 . 8 3 1 . c o  2 9 . 8 1 6 . 6 9 9 . 0 6 1 . 7 4 1 0 . 8 0 CR I T I C AL P O I N T t-' 
3 . 8 3  2 . c o 3 C . 3  1 6 .  u 8 . 8 9 1 . 9 1  1 0 . 8 0 CR I T I C H  P O I N T rt 
4 . 8 3 3 . C O 3 0 . 9  1 5 . 40 tl . 7 2  2 . 0 8 1 0 . 8 0 CR I T I C AL P C I N T ::r' 
0 
C 
OQ 
R E ACH  N O  • .  4 . 0  OL S ON T O  B R A NDON ::r' 
T O I S  R O I S  F L O W  13 0 0  DOD  DO S A T  U1 
( M I .  l I M  I .  l ( C F S ) ( P PM ) ( P P M ) ( P PM ) ( P P M ) 
► 
6 . 3 3  1 ., 50 · 3, 1 .  8 1 4 . 50 8 . 5 2 2 .  !:i 8  1 1 . l 0 Ck I T I Cti L  P O I N T C 
7 . 8 3  3 . 00 32 . 6  1 3 . 6 5  8 . 0 1  3 . 0 9 1 1 . 1 0 CR I T I C. A l  P C I N T O'Q 
9 . 3 3 4 . 50 3 3. � 5 1 2 . 86 7 . 5 5 3 . 5 5 1 1 . 1 0 C R I T I C AL P C I N T 
C 
C/) 
rt 
t-' 
N 
R EACH  NO . 5 . 0  BKA NDON T O  B E A V E R  C R E E K  CONFLU  ... 
T O I S  RO I S  F L O W  BOD  0 0 0  00  S A T  t-' 
I M  I . ) ( M I . )  ( C F S ) ( P P M ) ( P PM ) ( P P M ) ( P P M ) \.0 
1 0 . 6 6 i . 3 3 34 . 2  1 2 . 3 5 7 . 1 4  4 . 1 6  1 1 . 3 0 
"' 
1 2 . 0 0 2 . 6 7 3 5 . 0  1 1 . 86 6 . 5 7  4 .  7 3  1 1 . 3 0 
1 3 .  3 3  4 . C O 3 5 . 7 1 1 . 3 9 6 . 06 5 . 2 4 1 1 . 30 
-.....J 
N 
